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ABSTRACT
This paper presents an application of a fundamentally new approach called Intrinsic Quantum Thermodynamic (IQT) to the
prediction of the kinetics of chemically reactive systems at small scales. The IQT framework satisfies the laws of quantum
mechanics as well as thermodynamics and provides an alternative, comprehensive, and reasonable means for modeling nonequilibrium processes even far from equilibrium. It does so without the need for any of the a priori limiting assumptions
common to most conventional methods in the literature such as that of stable equilibrium via a specific choice of temperature
or of pseudo-equilibrium between reactants and activated complex. The IQT framework assumes time evolution along the
steepest entropy ascent path in state space and is, in fact, able to predict a unique non-equilibrium path, which the system takes
in relaxing from a state of non-equilibrium to that of stable equilibrium, and in so doing, dynamically provides a plausible
complete picture of the changes occurring in key thermodynamic properties (e.g., the instantaneous species concentrations,
entropy and entropy generation, reaction coordinate, chemical affinities, reaction rate, etc.) throughout the reaction process. In
this paper, the IQT framework is applied to a chemically reactive system governed by the reaction mechanism
F  H 2  FH  H and the results presented are discussed and compared to the literature.

INTRODUCTION
This paper discusses the use of a relatively new theory
known as intrinsic quantum thermodynamics (IQT) [1-4] to
predict the reaction kinetics at atomistic levels of chemically
reactive systems in the non-equilibrium realm. IQT has
emerged over the last three decades as the theory that not only
unifies two of the three theories of physical reality, namely,
quantum mechanics (QM) and thermodynamics, but as well
provides a physical basis for both the entropy and entropy
production. The IQT framework is able to describe the
evolution in state of a system undergoing a dissipative process
based on the principle of steepest entropy ascent or locally
maximal entropy generation [5]. The dynamical postulate of
this theory was formulated originally to predict the evolution
dynamics of closed, isolated systems composed of a single
particle, an assembly of indistinguishable particles, or a field
[6] or a set of distinguishable particles, fields, or some
combination of these [7]. More recently some preliminary
attempts have been made to extend the IQT equation of motion
so as to model a larger class of systems, namely, those
involving heat [8-10] and/or mass interactions [10].
The work presented in this paper demonstrates for the first
time the use of the IQT framework to model the evolution in
state of a chemically reactive system as its state relaxes to
stable equilibrium. This framework brings a number of benefits
to the field of reaction kinetics. Among these is the ability to
predict a unique, non-equilibrium (kinetic), thermodynamic
path, i.e., unique cloud of trajectories, which the state of the
system follows in relaxing to stable equilibrium. As a
consequence, the reaction rate kinetics at every instant of time
is known as are the chemical affinities, the reaction
coordinates, the direction of reaction, the activation energies,
the entropy, the entropy production, etc. All is accomplished
without any a priori limiting assumption of stable equilibrium
via a specific choice of temperature nor of pseudo-equilibrium

between reactant and activated complex. This is fundamentally
different from all conventional methods (e.g., Transition State
Theory [11,12], Trajectory Calculations [13], Quantum
Scattering Theory [14, 15], etc.), which envision the reaction as
a process driven only by collisions (i.e., the laws of mechanics,
whether classical or quantum). In contrast, IQT envisions the
same problem driven by both the laws of mechanics and
thermodynamics. It is, thus, able to provide detailed
information about the so-called state-to-state reaction channels
and is not only able to predict the thermal reaction rate constant
but its instantaneous details as well. As a consequence, this rate
constant is transformed into a variable rate of the reaction
process.
To illustrate the IQT approach, the
(1)
F  H 2  FH  H
reaction mechanism, which for decades has been under
intensive investigation both theoretically and experimentally
[16,17], is used to benchmark the IQT results and illustrate the
IQT reaction kinetics in the non-equilibrium realm.
IQT MODEL
The application of the general IQT framework for
chemically reactive systems at small scales developed by
Beretta and von Spakovsky [18] to the chemical kinetics of
these systems is consistent with the idea put forward by Ziegler
[19] concerning the thermodynamic consistency of the standard
model of chemical kinetics. In modeling the non-equilibrium
time evolution of state of these systems, both the system energy
and particle number eigenvalue problems as well as the nonlinear IQT equation of motion must be solved. The former
establish the so-called energy and particle number
eigenstructure of the system, i.e., the landscape of quantum
eigenstates available for the system, while the latter determines
the unique non-equilibrium thermodynamic path taken by the
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system, showing how the density operator  , which represents
the thermodynamic state of the system at every instant of time,
evolves from a given initial non-equilibrium state to the
corresponding stable chemical equilibrium state. For this
framework, the thermodynamic system is defined as an isolated
system consisting of r different reacting species contained in a
tank.
In the present paper, only the principal IQT model equations
are presented. For complete details of the model, the reader is
referred to [18]. To begin with, the system energy and particle
occupation number eigenvalue problems, which must be solved
to establish the landscape of quantum eigenstates available for
the system, are the following:
(2)
H  sqs  Esqs  sqs
s  1,...,C qs  1,...,Ls
where H is the system-level Hamiltonian, E sqs the system-level
energy eigenvalue,  sqs the system-level eigenvector, C the
number of subspaces of compatible compositions, and Ls the
dimension of subspace s. The dimension of the overall Hilbert
C
space H. of the system is L  s 1 Ls . A Hilbert as opposed to
Fock space is assumed since the framework presented is based
on the assumption that, consistent with the earlier assumption
of an isolated system, the number of atoms is fixed (i.e., is
conserved) and always known [18]. The corresponding systemlevel particle occupation number eigenvalue problem is
expressed as
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where nis is the eigenvalue of the amount of the Ai species for
the subspace s,  il the stoichiometric coefficient for species Ai
in reaction mechanism “l”,  i the set of stoichiometric
coefficients for species Ai in each of the  reaction mechanisms,
 ls the eigenvalue of the reaction coordinate operator of
reaction “l” that corresponds to the sth compatible composition,
and  s the set of reaction coordinate eigenvalues identifying
the sth compatible composition. This set of inequality equations
determines the number of compatible solutions (i.e., subspaces
sq
s). Note that the nis are related to the  ij s via
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The system-level Hamiltonian is next constructed according
to the following expression:
Ls

H    E sqs PH sq
s 1 qs 1

(13)

s

where the projector PH sq is given by
s

PH sq   sqs  sqs

(14)

s

In a like manner, the particle number operator for each species
is written as
C M i Ls

N Ai     ijsqs PH sq
i

s 1 ji 1qs 1

(15)

s

The preceding quantities provide the basis for determining
the set of occupation probabilities y sqs , which correspond to
the density operator  at any given instant of time and in turn
are used to calculate the expectation values of properties or
observables of interest. Thus,





y sqs  Tr PH sq   sqs   sqs
s

(16)

and the expectation energy of the system is given by
C

Ls
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The expectation value for the number of particles of species Ai
is found from
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ji 1

while that for the reaction coordinate is given by

(6)

Equations (2) and (3) are not solved directly due to their
complexity but instead related to a set of one-particle

(10)

sn s

where the
 k s1 ,...,k sjs ,...,k sns , each k sjs  1,...,K sjs , and
K sjs corresponds to some practical truncation of what is an
infinite dimensional problem. In addition, T-1 in Eq. (9)
signifies an inverse unitary transformation from the center-ofmass coordinate frame in which the one-particle translational
eigenvalue problems are solved. The system-level energy
eigenvalues and eigenvectors are now found from those for the
various degrees of freedom via
qstr

C

where Ai is the i species, N Ai the Ai-particles number operator,
N Ai ji the Ai-particles-in-the-jith-internal-level occupation numsq
ber operator, and  ij s the Ai-particles-in-the-jith-internal-level
i
eigenvalue for the q sth combination in the sth compatible
composition. Mi is the number of eigenvectors of the one-Aiparticle internal Hamiltonian operator associated with the
internal degrees of freedom (i.e., vibrational, rotational, etc.
energy levels).
Defining the Hilbert space and the set of eigenvectors that
span that space requires that the initial amounts nia for each
species Ai in the reacting mixture be related to the set of
compatible amounts via the proportionality relations [20],
namely,
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eigenvalue problems, which can be solved. For details of how
this is done, the reader is referred to [18]. The result is that, the
one-particle Ai energy eigenvalues and eigenvectors for the
internal degrees of freedom are made to correspond to the
system-level ones via the following relations:
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(19)

C
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s 1

k 1

E    s  y sqs

(20)

Now, the IQT equation of motion governing the reaction
kinetics for the system considered here is the following:
d
i
1
M ,  
  H ,   
(21)
dt

2k B
where the first term on the right governs the linear Hamiltonian
dynamics of the state evolution and the second, the so-called
dissipation term, the nonlinear non-Hamiltonian steepestentropy-ascent dynamics. In this equation, τ is the internalrelaxation time for the dissipation,   the anti-commutator
operator, kB Boltzmann’s constant, and M  M  M the
deviation from the mean of the non-equilibrium Massieu
operator defined as
(22)
M  S  H H
where S and H are the entropy and Hamiltonian operators,
respectively, and θH is a constant-energy, nonequilibrium
temperature given in terms of the variance of the entropy and
Hamiltonian operators by
 H    HH SH
(23)
The entropy operator S is expressed by one of two equivalent
forms, namely,
(24)
S  k B ln  Po   k B Bln
with Po and B, respectively, the projection operators onto the
range and the kernel of  .

given below, the system considered here initially consists of 1
particle of F and 1 of H2 and is governed by the reaction
mechanism of Eq. (1). The degrees of freedom for each of the
molecules and atoms in the IQT model are given in Table 1.
To apply the IQT equation of motion to this IQT model, the
density operator for an initial non-equilibrium state is required.
Such a state far from equilibrium is found by first finding the
density operator or matrix  pe for a partially canonical state
Table 1. Quantum numbers considered for each of the molecules and
atoms in the IQT model.

F
H2
FH
H

where  ktr is the one-particle translational energy eigenvalue; h
is Plank's constant; m is the mass of the particle; k=1,2,… is the
principal quantum number; nx, ny and nz are the quantum
numbers in the x, y and z directions, respectively; and Lx, Ly,
and Lz are the dimensions for the system volume in the x, y, and
z directions, respectively.
For vibration, the expression is
 vvib  vv  1 2   2
(26)
where ν is the vibrational quantum number which takes values
of ν=0,1,2,…;  is the vibrational frequency; and  Plank's
modified constant. A wide range of wavenumbers from which
 can be calculated are reported in the literature [21, 22]. In
the present paper, the wavenumber values used are 4401 cm-1
for H2 and 4000 cm-1 for FH.
Finally, for rotation, the following expression is used:
J J  1  2
 Jrot 
(27)
2 r 2
where J is the rotational quantum number that takes values of
J=0,1,2,…; µ is the reduced mass; and r the distance between
two atoms.
NUMERICAL APPROACH
For purposes of this paper and the preliminary comparisons

Vibrational
quantum nos.

Rotational
quantum nos.

ν =0
ν =0,1,2,3

J =0,1
J =0,1,...,7

a

Although the translational principal quantum number k varies here from 1 to
400 for each species, only a sampling (30) of these quantum numbers across
this range is used for each species in the IQT model.

and then perturbing it. To determine  pe , the following set of
equations for the occupation probabilities y pe
j must be solved:
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k 1
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ONE-PARTICLE ENERGY EIGENVALUES
It is assumed that the reacting mixture considered here
behaves as a Gibbs-Dalton mixture of ideal gases. For that
reason, the energy eigenvalues for translation, vibration, and
rotation for the species involved are given by a set of closedform relations. For translation,
2
2
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i  1,...,r
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j

The E j in these equations are the system-level energy
eigenvalues and the n j i the system-level particle number
eigenvalues for the ith species. The values for the  j for each
reactant species are set to either 0 or 1. As long as at least one
of the  j has a value of 0, Eq. (28) describes the occupation
probabilities for the density operator or matrix of a partially
canonical state.
To find the initial non-equilibrium density operator or
matrix,  pe is perturbed as follows:

 

f j  1   
yj 

y pe
j

(31)

y se
j

f j y se
j

(32)

 f i yise
i 1

where λ is an arbitrary perturbation parameter constrained by 0
< λ < 1 and the y se
j are the occupation probabilities for the
stable equilibrium density matrix given by
y se
j



 E j 


 k T
e b 



  Ek 


k T
e b 

(33)

k 1

Here T is the stable equilibrium temperature.
Once the initial density operator or matrix is found, Eq. (21)
is solved for the evolution in state of the system. This equation
has been solved here using a forth order Runge–Kutta explicit
scheme with the relative tolerance error set to 1e-5.
RESULTS AND DISCUSSION
Predicting the value of the entropy and the entropy
generation at each instant of time are direct outcomes of the
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IQT framework since the 1st and 2nd laws of thermodynamics
are explicitly built into the equation of motion. Figures 1 and 2
show how both the entropy and the rate of entropy generation
of the system evolve in time. A state of stable equilibrium is
reached when the entropy plateaus out. In addition, the peak in
the rate of entropy generation occurs quite early in the process
and then quickly decreases as stable equilibrium is approached.
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Figure 1. The instantaneous entropy of the reaction processing system.
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Figure 2. The instantaneous entropy generation during the reaction
process.

tants and products.
For the bimolecular reaction mechanism of Eq. (1), the net
reaction rate as a function of time t is given by
r t   rf t   rb t 
(34)

rt   k f t ,T F t  H 2 t   k b t ,T  FH t H t 

where rf and rb are the forward and backward reaction rates, kf
and kb the forward and backward reaction rate “constants”, and
[A(t)] the concentrations of the various species. The reaction
orders for the species F, H2, FH, and H coincide here with the
stoichiometric coefficients for each species for this reaction
mechanism although it is noted that this is not generally the
case [23]. Based on the initial amounts of species chosen and
the proportionality relations, it follows that the net reaction rate
r for this reaction mechanism coincides with the expectation
value of the rate of the reaction coordinate E given by Eq.
(20). Numerically, it can also be found by calculating the slope
of the expectation value of the particle number operator of
either one of the product species using a second order accurate
finite difference scheme. Once known, Eq. (35) along with the
zero rate condition at stable equilibrium and the assumption
that the detailed balance condition holds also for the timedependent rate constants, i.e.,
k f t ,T  k f t se ,T  F se H 2 se


(36)
kb t ,T  kb t se ,T  FH se H se
can be used to determine k f t , T  and k b t ,T  at every instant
of time along the entire kinetic path determined by the equation
of motion.
Figure 4 shows these instantaneous values as well as the
equilibrium constant K T  given by the ratio of k f to k b for
the case of a system expectation energy which corresponds at
stable equilibrium to a temperature of 298 K. The instantaneous
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Figure 3. The expectation values of the particle number operator for
each species.

A key feature of the IQT framework is that it is able to
dynamically predict the concentration of reactive species as the
reaction evolves in time. Figure 3 shows how the reactive
species are depleted and created throughout the entire reaction
process. Indeed the availability of these instantaneous values
for the species concentrations indicates that the reaction rate
constant k T  , which in the literature is usually referred to as
the thermal rate constant1, may in fact not be a constant but
rather a parameter changing in time. In Figure 3, the identical
amounts for the reactants F and H2 as well as for the products
H and FH is a direct consequence of the proportionality
relations, Eq. (5), and the initial amounts chosen for the reac1
In fact, this reaction rate constant is that for the forward reaction found at the
start of the reaction when the backward reaction rate is negligible [22].

2
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3
-10

x 10

Figure 4. The forward and reverse reaction rate constants as well as
the equilibrium constant as a function of time for a system expectation
energy, which at stable equilibrium corresponds to a temperature of
298 K.

values for the corresponding net, forward, and backward
reaction rates are seen in Figure 5. Clearly, as expected, the
forward reaction dominates at the beginning of the reaction
with the reverse reaction growing in importance as stable
equilibrium is approached. Note that the time scale seen in
these two figures and the previous ones is based on a value of 
in the equation of motion which has been fitted to the value of
kf at 298 K reported in Heidner et al. [24] and shown in Table
2. This table also includes the values of kf from Heidner et al.
[24] for a number of other stable equilibrium temperatures as
well as values for kf from a number of other researchers.
For a value of  based on the value for kf in Table 2 from
Heidner et al. [24] corresponding to a stable equilibrium tem-
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Figure 5. The forward, reverse and net reaction rates for a system
expectation energy, which at stable equilibrium corresponds to a
temperature of 298 K.
Table 2. Values of the forward reaction rate constant reported in the
literature for the reaction mechanism of Eq. (1) [16].
kf(T)/10-11 (cm3/molecule-sec)
WHa

T (K)
298
350
400
450
500
600
700

SBAb

2.33
2.89

HBGMc

RHPBd

WTMe

2.93
3.94
4.88
5.76
6.57
8.01
9.23

2.81
3.35
3.80

2.26

2.48
3.14

5.68

a

Wurzberg and Houston [25]; bStevens, Brune, and Anderson [26]; cHeidner,
Bott, Gardner, and Melzer [24]; dRosenman, Hochman-Kowal, Persky, and
Baer [27]; eWang, Thompson and Miller [16]

perature of 700 K, a similar evolution of the reaction rate
constants and reaction rates is given in Figures 6 and 7. The
trends are the same as in Figures 4 and 5 with the forward
reaction dominating initially and the backward reaction
growing in importance as stable equilibrium is approached.
However, the reaction rate magnitudes are clearly much greater
and the difference between the forward and backward reaction
rate constants is significantly larger.
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Figure 6. The forward and reverse reaction rate constants and the
equilibrium constant as a function of time for a system expectation
energy, which at stable equilibrium corresponds to a temperature of
700 K.

Although all the previous figures are referred to some stable
equilibrium temperature, the use of such a temperature in the
IQT simulations for the reaction kinetics of the reacting system
is not required. What is required is a value for the system
expectation energy. However, to make comparisons with the
literature, this energy must be referred to its corresponding
stable equilibrium temperature, i.e., the temperature at which a
given reaction rate constant is reported in the literature (e.g.,
see Table 2). Thus, the temperatures indicated in Table 2 and in
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Figure 7. The forward, reverse and net reaction rates for a system
expectation energy, which at stable equilibrium corresponds to a
temperature of 700 K.

each of the figures are those calculated based on the stable
equilibrium expression for the expectation energy of an ideal
gas mixture obtained from the maximum entropy principle
(MEP). These temperatures are based on a reactive system with
an infinite number of degrees of freedom (DOF). Of course, in
the IQT simulations, the non-equilibrium temperature  H (Eq.
(23)) also converges to a given stable equilibrium temperature
for each expectation energy. However, this temperature
necessarily differs from that based on an infinite number of
DOF since it is based on a finite number. For the reactive
system considered here, a comparison of these temperatures is
given in Table 3.
Table 3. IQT and MEP stable equilibrium temperature comparison.
TMEP (K)
TIQT (K)

298
121

350
284

400
427

450
565

500
704

600
1007

700
1364

SOME FURTHER RESULTS
A fundamental difference between the results for the
reaction rate constant obtained by theories based on quantum
mechanics to those based on classical mechanics is the
divergence from linear behaviour at low temperatures as
illustrated in Figure 8. For the system considered here and
within the IQT framework, Figure 9 shows the behaviour of the
forward reaction rate constant as a function of stable
equilibrium temperature (TMEP). Clearly, the deviation from
linear behaviour at low temperatures seen in this figure
provides confirmation that the predictions being made with
IQT follow what would be expected from a quantum
mechanically based model. Of course, additional validation of
the IQT predictions is needed. In principle, it would be
interesting to see if it is possible to identify a fixed, physically
meaningful functional    such that (1) k f t ,T  and kb t ,T 
k(T) based on Quantum
mechanical model
1

k(T)

k(T) based on Classical
mechanical model

1e-1

k(1500) 1e-2
1e-3

1

2

3

4

5

1000 K / T

Figure 8. Depiction of the temperature dependence of the forward
reaction rate constant with and without quantum mechanical effects
taken into account.
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as computed above from the assumption of the detailed balance
result are effectively independent of time and (2) the reaction
rates match the data of Table 2 without the need for adjusting
any parameter. This validation has not yet been done. Instead
the values used for  are those, as mentioned earlier, which
simply fit the values in column four of Table 2. Figure 10 is a
plot of these values as a function of stable equilibrium
temperature (TMEP). The authors are presently working on a
functional for , and Figure 10 provides a basis for
understanding at least some part of the behaviour, which such a
functional must reflect. Knowing the expected behaviour of 
should help in identifying a unique functional    capable of
capturing the dynamics of the reaction without the use of
adjustable parameters.
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Figure 10. Relaxation time constant for the various stable equilibrium
temperatures (TMEP) found in Table 2.

CONCLUSIONS
The IQT framework provides a comprehensive and reasonable approach for predicting the chemical kinetics of small
scale reactive systems that could become a valid alternative to
conventional approaches. Because IQT unifies quantum
mechanics and thermodynamics into a single theory with a
single internally consistent kinematics and dynamics, the laws
of both are automatically satisfied when modeling reactive or
non-reactive systems at the atomistic level. The consequence is
that unlike conventional methods that use hybrid approaches to
try to predict details of the kinetics of a change in state, IQT
holds the promise to provide a full set of thermodynamically
consistent, time-dependent features of the chemical kinetics of
an atomistic-scale, chemically reactive system.
Finally, the preliminary data presented in this paper
demonstrates that the predictions of IQT appear consistent with
what the best conventional methods in the literature are able to
predict. For very few particle systems and by considering a
small set of energy levels the computational burden is not large
at all.
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