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ABSTRACT
The description of chemically reacting systems leads very often to reaction mechanisms with far above hundred chemical species
(and, therefore, to more than a hundred partial differential equations), which possibly react within more than a thousand of ele-
mentary reactions. These kinetic processes cover time scales from nanoseconds to seconds. An analogous scaling problem arises
for the length scales. Due to these scaling problems the detailed simulation of three-dimensional turbulent flows in practical
systems is beyond the capacity of even todays super-computers. Using simplified sub-models is a way out of this problem. The
question arising in mathematical modeling of reactive flows is then: How detailed, or down to which scale has each process to be
resolved (chemical reaction, chemistry-turbulence-interaction, molecular transport processes) in order to allow a reliable descrip-
tion of the entire process. Both the chemical source term and the transport term have one important property, namely that they
cause the existence of low-dimensional attractors in composition space. These manifolds can be parameterized by a small num-
ber of variables. In this work we discussed several model reduction aspects based on the concept of low-dimensional manifolds,
namely the efficient identification of the low-dimensional manifolds, the efficient implementation to simplify the chemical kinet-
ics, the hierarchical nature of the low-dimensional manifolds the use of the hierarchical nature to devise hierarchical modeling
concepts for turbulent reacting flows.

INTRODUCTION

Reacting flows are governed by a complex interplay of chem-
ical reaction, flow and molecular transport. They can be de-
scribed mathematically based on conservation equations for
mass, momentum, energy and species masses. These conser-
vation equations form a large system of stiff partial differential
equations and, therefore, their solution is a great challenge [1;
2]. In the past many attempts have been made to simplify the
description of chemically reacting flows while still capturing
the essential features of the dynamics of the system. The de-
veloped methods focus both on a simplified description of the
chemical kinetics and on a simplified description of the turbu-
lent flow and the chemistry-turbulence interaction (see e.g. [3;
4; 5]). Different methods for dimension reduction have been
proposed for the chemical kinetics. Many of them are based on
a detailed analysis of the chemical source term (see e.g. [6; 7;
8; 9; 10; 11; 12; 13; 14]). Methods that account for the in-
teraction of chemical reactions and physical processes are e.g.
[15; 16; 17; 18; 19; 20]. An overview of several methods can be
found in [21]. Furthermore many methods for the description of
the chemistry-turbulence interaction make use of the existence
of low-dimensional manifolds in composition space. Examples
are the flamelet concept [22], conditional moment closure [23]
and multiple mapping conditioning [24].

The dynamics of reacting flows is governed by the system
of conservation equations for mass, momentum, energy, and
species masses [25]. For the following analysis it is useful to
separate the equations for the thermokinetic state variables from
the equations for the flow field and to assume (for sake of sim-
plicity) a low Mach number flow with constant thermodynamic
pressure (a generalization to general flows is straight forward

and shall not be considered here). The governing equation sys-
tem for the scalar field can be written as:

∂ψ
∂t

= F −�vgradψ− 1
ρ

div (Dgradψ) , (1)

where t denotes the time, ψ the (n = ns + 2)-dimensional
thermokinetic state vector (which is, e.g. given as ψ =
(h, p,y1, . . . ,yns)

T, where ns is the number of species, h is the
specific enthalpy, p the pressure, and yi the mass fraction of
species i), and ρ is the density, �v the velocity, D the (n by n)-
dimensional matrix of transport coefficients (see, e.g., [26] for
details), and F the (n)-dimensional vector of source terms. The
source terms F as well as the transport matrix D are complicated
nonlinear functions of the thermokinetic state vector ψ [27; 26;
28]. Because (1) does not invoke any modeling procedure, it is
valid for laminar as well as for turbulent flows.

Both the chemical source term and the transport term have
one important property, namely that they cause the existence of
low-dimensional attractors in composition space. They result
from fast chemical processes leading to species in steady states
or reactions in partial equilibria. These manifolds can be pa-
rameterized by a small number m of variables, represented by
the vector θ of reduced coordinates (θ = (θ1,θ2, . . . ,θm)T).

M = {ψ = ψ(θ) , θ ∈ Rm,ψ ∈ Rn} , m << n (2)

At each point ψ of a manifold M m perturbations off the mani-
fold are relaxed according to a relaxation rate |ω| that is larger
than a given |ωm(ψ)|. Note that this relaxation rate ω is for
example for intrinsic low-dimensional manifolds given by the
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value of the smallest (in magnitude) decoupled eigenvalue [8;
9]. Many model reduction techniques make use of the exis-
tence of such low-dimensional attractors (see e.g. [21]). Fur-
thermore, methods like conditional moment closure [23] and
multiple mapping conditioning [24] rely on the existence of
such attractors in composition space. However, there exists
also a hierarchy of the attractors, i. e. in the state space re-
laxation to equilibrium can be represented as a cascade through
a nested hierarchy of smooth hypersurfaces [29]. While it is
now well accepted that such a hierarchy exists, it is still neces-
sary and useful to show, whether mathematical constructions of
low-dimensional manifolds (i.e. model reduction concepts) can
represent this behavior. It can be shown for several manifold
based reduction concepts (see below) that attractors M m of di-
mension m < m + p are under certain conditions embedded in
attractors M m+p of dimension m+ p, i.e. M m ⊂ M m+p. This
hierarchical nature can be used in many applications, e.g.

for an efficient construction of low-dimensional manifolds
for a hierarchical improvement of the model accuracy in
reacting flow calculations
for devising hierarchical methods for turbulence/chemistry
interaction closure.

These issues will be addressed below.
In the following we shall focus only on some examples

of manifold concepts, namely those based on quasi steady
state assumptions (QSSA) and partial equilibrium assumptions
(PEA) [30], intrinsic low-dimensional manifolds (ILDM) [8]
and global quasi-linearization (GQL) [11], which are based on
an analysis of the chemical source term only, and the concept of
reaction diffusion manifolds (REDIM) [19], which is based on
a coupled analysis of reaction and molecular transport.

THE HIERARCHICAL NATURE OF QSSA, PEA, ILDM
AND GQL

Fur a pure homogeneous reaction system (1) reduces to

∂ψ
∂t

= F(ψ). (3)

In principle the assumption of species i being in steady state
simply implies Fi+2 ≈ 0 (note that the first to entries in ψ are
the enthalpy and the pressure, and the first species evolution
equation has index 3). For n f = n−m species being in steady
state the steady state conditions can be written as

C̃mF(ψ) = 0, (4)

with

C̃ =




0 0 δ1k1 δ2k1 · · · δnsk1

0 0 δ1k2 δ2k2 · · · δnsk2
...

...
...

...
...

0 0 δ1kn f
δ2kn f

· · · δnskn f


 , (5)

where δ denotes the Kronecker-δ, and k j is the index of the
species in the jth steady state assumption. This yields a defini-
tion of the (m = n−n f )-dimensional QSSA manifold:

M m =
{
ψ|C̃mF(ψ) = 0

}
(6)

It is easy to see that if we have a set of (n−(m+ p))) species as-
sumed to be in steady state, which is a subset of (n−m) species
assumed to be in steady state

{
k1,k2, . . . ,kn−(m+p)

}⊂ {k̂1, k̂2, . . . , k̂n−m
}

, (7)

(where ˆ is is only used to indicate a possible different ordering
of the species in the two subsets), then the matrix Cm+p is in the
span of the matrix Cm, and it follows directly from (6) that

M m ⊂ M m+p (8)

In partial equilibrium approximations (in the simplest for-
mulation, see [21]) each partial equilibrium assumption defines
a nonlinear equation via equating the rates of the forward and
backward reaction. It is easy to show that if we define two
low-dimensional manifolds via (n− (m + p)) and (n−m) par-
tial equilibrium conditions, respectively, where the (n−(m+ p))
vectors of the stoichiometric coefficients of the partial equilib-
rium reactions for M m+pare in the span of the (n−m) vectors of
stoichiometric coefficients of the partial equilibrium reactions
for M m, then again the m-dimensional manifold is a subset of
the m+ p-dimensional manifold.

This means that QSSA and PEA manifolds can be con-
structed in such a way, that a hierarchy of the manifolds ex-
ists, although it shall be noted that very often different sets of
assumptions for different dimensions are used, i.e.

{
k1,k2, . . . ,kn1

f

}
�⊂
{

k̂1, k̂2, . . . , k̂n2
f

}
, (9)

In this case a hierarchical nature of the manifolds is not guaran-
teed.

Let us now discuss the hierarchy in the context of ILDM and
GQL. The mathematical model of these methods is described in
detail in previous works (see e.g. [8; 31; 9; 32; 33; 34; 11; 35]).
Here, only a short repetition to clarify the presentation shall be
given. ILDM and QGL differ in principle how the fast and slow
processes are identified. For ILDM [8] the (n by n)-dimensional
Jacobian matrix V ILDM = Fψ (with

{
Fψ
}

i j = ∂Fi/∂ψ j) of the
chemical source terms is used to identify the fast/slow decom-
position of chemical processes. For GQL [11] the analysis is
based on the so-called global quasi-linearization matrix. This
matrix is obtained by picking n random states in the composi-
tion space and looking for a linear representation of F(ψ).

V GQL =


 | |

F(ψ1) · · · F(ψn)
| |




 | |

ψ1 · · · ψn

| |




−1

(10)

Issues like the choice of the reference points cannot be dis-
cussed here, and we simply refer to [11; 35]. The equation for
the low-dimensional manifolds is then obtained by an invariant
subspace decomposition of the matrices V ILDM or V QGL

V =
(
Zs Z f

) ·(Ns 0
0 Nf

)
·
(

Z̃s

Z̃ f

)
. (11)

The matrices Z and Z̃ span up the right invariant subspace and
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the left invariant subspace, respectively:

Z̃ = Z−1 =
(
Zs Z f

)−1 =
(

Z̃s

Z̃ f

)
. (12)

Here Zs is the (n by ns)-dimensional invariant subspace belong-
ing to the ns eigenvalues λ(Ns) having the largest real parts and
Zf is the (n by n f )-dimensional invariant subspace belonging
to the n f eigenvalues λ(Nf ) having the smallest real parts, re-
spectively, where ns and n f denote the number of eigenvalues
according to slow and fast processes. This means that the eigen-
values of the matrix V are divided into two groups

i = 1, . . .ns k = ns +1, . . .ns +n f ns +n f = n (13)

|Re (λi (V ))| ≤ a � b ≤ |Re(λk (V ))| Re(λk (V )) < 0
(14)

and fulfill a spectral gap condition (for more details see [36;
11]).

The general assumption that the fast processes have already
relaxed defines an m = ns = n−n f -dimensional manifold in the
state space (note that additional constraints for the conserved
variables can be used to further reduce the dimension m of the
manifold[8; 36]). This subspace is composed of points where
the reaction rates in direction of the n f fast processes vanish

Z̃ f (ψ)F(ψ) = 0, (15)

This under-determined equation system can be solved using
path following algorithms [36] to yield an (m = n − n f )-
dimensional manifold. In this case the manifolds are parame-
terized by a set of m reduced coordinates (e.g. mixture fraction,
reaction progress variables) θ = (θ1,θ2, . . . ,θm)T:

M = {ψ = ψ(θ),θ ∈ Rm,ψ ∈ Rn} (16)

The investigation of the hierarchical nature of ILDM and
GQL is now quite straight forward, due to the algebraic def-
inition of the manifolds. Let us assume that we decompose
the matrix V into invariant subspaces according to two different
splitting conditions with ns = m and ns = m + p, respectively
(p > 0).

V =
(
Zm

s Zm
f

) ·(Nm
s 0
0 Nm

f

)
·
(

Z̃m
s

Z̃m
f

)
. (17)

V =
(

Zm+p
s Zm+p

f

)
·
(

Nm+p
s 0
0 Nm+p

f

)
·
(

Z̃m+p
s

Z̃m+p
f

)
. (18)

In this case it follows directly from the definition of the invariant
subspaces that the (n−(m+ p)) by n- dimensional matrix Z̃m+p

f

is in the span of the (n−m) by n- dimensional matrix Z̃m
f , and

together with the manifold equation (16) we obtain

{
ψ|Z̃m

f F(ψ) = 0
}⊂ {ψ|Z̃m+p

f F(ψ) = 0
}

(19)
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Figure 1. Example of a 1-dimensional ILDM (thick curve) embedded

in a 2D-ILDM (mesh) plotted into the space of specific mole numbers

(mass fractions divided by the molar mass in mol/kg) for the syngas/air

system (composition and conditions are the same as in [8]

yielding

M m ⊂ M m+p (20)

An example of a one-dimensional manifold embedded in a two-
dimensional manifold for a syngas-air system is shown in Fig-
ure 1. Note that there exists also a hierarchy caused by the
chemistry of higher hydrocarbon oxidation in the case of com-
bustion processes. A discussion on this subject can be found in
[33].

THE HIERARCHICAL NATURE OF REDIM

In contrast to ILDM and GQL the REDIM concepts takes
into account the molecular transport processes in the identifica-
tion of the low-dimensional manifolds. Based on equation (1)
the REDIM method uses estimates for the spatial gradients and
solves an evolution equation for an m-dimensional manifold pa-
rameterized by the reduced coordinates θ= (θ1,θ2, . . . ,θm)T for
a pseudo-time τ→ ∞

ρ
∂ψ
∂t

=
(
I−ψθψ

+
θ

){ρF +(Dψθχ)θ χ} (21)

where F = F(ψ(θ)), D = D(ψ(θ)), ρ = ρ(ψ(θ)), χ = χ(ψ(θ)),
ψθ = ψθ(θ)), ψ+

θ = ψ+
θ (θ)). In these equations I is the identity

matrix, ψθ is the matrix of partial derivatives of ψ with respect
to θ ({ψθ}i j = ∂ψi/∂θ j, and ψθ spans the tangent space to the
manifold), and ψ+

θ is a pseudo-inverse (e.g. the Moore Penrose
pseudo-inverse) of ψθ, see [11]. Note that this is a partial dif-
ferential equation system with the thermokinetic state vector ψ
as dependent and the time t and the reduced coordinates θ as
independent variables.

The m-dimensional vector χ of gradient estimates used in this
equation relies on a gradient guess ζ(ψ) for the thermokinetic
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state vector ζ(ψ) = grad ψ, which is assumed to be a function
of the local thermodynamic state (see [19; 37; 38]) The gradient
estimates χ are calculated via

χ = ψ+
θ ζ(ψ) (22)

The solution

M m = {ψ = ψ(θ),θ ∈ Rm} (23)

for τ→ ∞ fulfills the invariance condition

(
I−ψθψ

+
θ

){ρF +(Dψθχ)θ χ} = 0 (24)

For the following analysis it is useful to investigate the de-
pendence of the REDIM evolution equation with respect to a
change of the parametrization. Let a change of the parametriza-
tion of the manifold from θ to θ̂ be given by the (m × m)-
dimensional regular transformation matrix X = θ̂θ. It can be
shown (see Appendix A) that the projection matrix is invariant
with respect to a change of the parameterization (equation 35),
and it can also be shown (see Appendix A) that the diffusion
term ∆ = (Dψθχ)θ χ is invariant with respect to a change of the
parameterization (equation 36). This means that the governing
equation system does not depend on the choice of the parame-
terizing coordinates, a result which allows a simple analysis of
the hierarchy of manifolds of different dimensions.

Let M m denote an m-dimensional Manifold with a tan-
gent space defined by the matrix ψθ of tangent vectors, and
M m+p denote an m + p-dimensional Manifold with a tangent
space defined by the matrix ψη of tangent vectors, where θ =
(θ1, . . .θm)T , and η = (η1, . . . ,ηm+p)

T From the invariance of
the equation system with respect to a change of the parameteri-
zation, it follows that we can represent the manifold M m+p by
new coordinates θ = (θ1, . . .θm,ξ1, . . . ,ξp)

T with

ψξ ∈ span(ψη) ∧ ψξ ⊥ ψθ. (25)

This has several consequences for the evolution equation (21)
for the REDIM The projection operators Pm and Pm+p are re-
lated via (see Appendix B).

(
I−ψηψ+

η

)
=
(

I−ψθψ
+
θ −ψξψ

+
ξ

)
, (26)

In Appendix C it is shown that if the vector of gradient es-
timates for ψ ∈ M m is tangent to the m-dimensional manifold
( ζ ‖ ψθ), then it follows that the m-dimensional manifold is
invariant with respect to the evolution equation of the (m+ p)-
dimensional manifold, and therefore the m-dimensional mani-
fold is embedded in the (m+ p)-dimensional manifold.

Examples of one-dimensional manifolds embedded in a two-
dimensional manifold for a syngas-air system are shown in Fig.
2 for a premixed reaction system (conditions were taken from
[19]) and in Fig. 3 for a non-premixed system (conditions were
taken from [20]).
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Figure 2. Example of a 1-dimensional REDIM (thick curve) embedded

in a 2D-REDIM (mesh) plotted into the space of specific mole numbers

(mass fractions divided by the molar mass in mol/kg) for the syngas/air

system.
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Figure 3. Example of 1-dimensional REDIMs (thick curves) for different

gradient estimates embedded in a 2D-REDIM (mesh) plotted into the

space of specific mole numbers (mass fractions divided by the molar

mass in mol/kg) for the syngas/air system.

CONSEQUENCES OF THE HIERARCHICAL NATURE
OF LOW-DIMENSIONAL MANIFOLDS

Having shown that REDIMs exhibit a similar hierarchical na-
ture as QSSA, PEA, ILDM and QGL, we can state that in all
these concepts lower dimensional manifolds M m are embed-
ded in higher dimensional manifolds M m+p. This has several
consequences for the identification and the use of these low-
dimensional manifolds.
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Figure 4. Example of two 1-dimensional REDIMs (thick curves) defin-

ing the boundary of a 2D-REDIM (mesh) plotted into the space of specific

mole numbers (mass fractions divided by the molar mass in mol/kg) for

the syngas/air system.

Efficient hierarchical construction of higher dimensional
manifolds

One aspect where the hierarchy of the low-dimensional man-
ifolds can be used efficiently is the hierarchical generation of
higher dimensional manifolds starting from lower-dimensional
manifolds. In the case of ILDM this concept has already been
applied successfully [39], and due to the similarity of GQL and
REDIM in the identification of the manifolds [11], an exten-
sion to GQL is straight forward. Therefore we shall focus here
on discussing a possible implementation in the REDIM con-
cept. One possibility to calculate higher dimensional REDIMs
starting from lower-dimensional ones is based on two ingredi-
ents. The first is to construct boundaries for m+1-dimensional
manifolds starting from m-dimensional ones. This can be il-
lustrated by Fig. 4. It shows a two-dimensional REDIM for a
non-premixed syngas system (same system as above, but Lewis
number assumed to be 1). The green curve corresponds to a
one-dimensional REDIM with a very high estimated gradient
(corresponding to a dissipation rate much above the quenching
limit). The red curve corresponds to a REDIM with gradient es-
timates taken from a counterflow flame with a small strain rate.
An initial guess for the construction of the 2D REDIM has been
obtained by a simple interpolation method (see [38]). Then the
evolution equation for the REDIM has been solved to yield the
2D REDIM (mesh in the figure). This strategy can be further
improved if lower-dimensional manifolds are not only used as
boundaries, but also within the domain to improve convergence
of the REDIM equation (cf. Fig 3).

Efficient adaptive use of REDIMs and control of the model
error

In typical computational fluid dynamics (CFD) applications
the overall computational domain exists of many different do-
mains, which are governed, e.g., by mixing and diffusion, con-
vection and chemical reaction. The hierarchical nature of the

Figure 5. Effects of mixing and chemistry. Scatter plots of specific mole

numbers of CO2 and H2O (mass fractions divided by the molar mass in

mol/kg) for the syngas/air system in a partially stirred reactor, reprinted

with permission from [41]

manifolds allows to use different degrees of approximation in
different domains. In domains far from equilibrium (e.g. in the
transient fuel conversion zone in combustion processes) high
dimensional manifolds can be used, whereas close to equilib-
rium a representation by one or two-dimensional REDIMs is
sufficient. Recently methods have become popular, which can
estimate the modelling error [40]. Such methods could in future
be used to estimate the error resulting from an approximation
of the state space by low-dimensional manifolds of different di-
mensions.

Hierarchical concepts for the chemistry/turbulence cou-
pling

Due to the enormous computational effort, reduced mecha-
nisms based on low-dimensional manifolds are frequently used
for modeling of turbulent reacting flows [5; 4; 3]. In many cases
reduced models are only used to describe the kinetics. On the
other hand the coupling of the chemical kinetics with the turbu-
lent micro-mixing is governed by the hierarchy of the kinetics,
too. This can be seen from a scatter plot of a PDF-calculation
of a partially stirred reactor with a syngas/air mixture [41].
Calculations were performed until a statistically stationary so-
lution was obtained. The scatter plots in the state space us-
ing detailed chemistry are shown in Fig. 5. Obviously only a
small domain is actually accessed, a behavior which is also well
known from direct numerical simulations [42]. The domain
Ωmix shows considerable scatter, and Ωreac shows considerably
less scatter, which is caused by a one-dimensional attracting
manifold (note that in this representation it cannot be identified
whether in the domain Ωmix higher dimensional attractors ex-
ist. The lower boundaries of the accessed domain is the mixing
line between the unburnt mixture (origin) and the completely
burnt mixture (chemical equilibrium state). Due to fast chemi-
cal reaction the domain Ωno is never accessed, because even if
mixing brought particles into this domain, fast chemistry would
relax the states towards the accessed domain (note that the re-
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sults of the calculation were plotted after the chemistry step in
the PDF method [41]. From these observations we can state that
the chemical kinetics does not only give rise to low-dimensional
manifolds in composition space, but that it also influences the
chemistry/turbulence coupling. In methods like the conditional
moment closure (CMC) [43; 23] or multiple mapping condi-
tioning (MMC) [24] exactly this effect is used in the statistical
treatment of turbulent flows. Whereas in CMC the correlations
are used explicitly to describe the thermokinetic state, in MMC
the correlations introduced by the low-dimensional attractors in
composition space are used only for conditioning mixing oper-
ation, which is not necessarily confined to a low-dimensional
manifold associated with the attractor.

The Manifold’s Hierarchy in the context of MMC

Based on the observations made above, we suggest to use the
hierarchical structure of the manifolds in the context of MMC.
The basic idea is to use the results from a low-dimensional
manifold M m to represent the evolution of the reference vari-
ables. Let ψ(θ(x,t)) represent a solution of a transport prob-
lem obtained with a high spatial resolution and the use of low-
dimensional manifolds parametrized by θ = (θ1, ...,θm)T . The
function θ◦ = θ(x◦(t),t) denotes the values of θ evaluated at La-
grangian trajectories — these values are deployed as MMC ref-
erence variables. The scalars are modelled by quantities ψ∗(t)
that represent unrestricted kinetics (or kinetics confined to a
manifold of a larger dimension M m+p in a hierarchical treat-
ment of the problem) evaluated on a system of Pope particles;
only relatively few particles are to be used in calculations (the
reader is referred to sparse-Lagrangian methods [44]). Mixing
operation is performed in MMC with localization in the com-
bined space of the reference variables and physical coordinates.
This enforces transport properties, which are accurately eval-
uated for θ◦, on scalars ψ∗ that have only sparse representa-
tions in physical space. Unrestricted treatment of chemical ki-
netics gives indication whether solution deviates from the m-
dimensional manifold. Let us consider this point by introducing
ψ◦ = ψ(θ◦(t)). These values do not coincide with ψ∗(t) but, if
the chemical kinetics of the fast subspace is indeed fast, ψ∗ can
be represented by ψ∗ = ψ(θ∗(t)). Note that values θ∗ do not
coincide with θ◦, and can experience so called minor fluctua-
tions with respect to θ◦. The main difference between ψ∗ and
ψ◦ is that ψ∗ is not forced to be confined to the m-dimensional
manifold and may deviate from the manifold when the absolute
values of the eigenvalues of the fast subspace are not sufficiently
large. The use of the manifold-constructed reference variables
θ◦ plays an important role in the method, as these variables al-
low to perform economical evaluations of ψ∗ on a very sparse
system of particles. The suggested method combines advan-
tages of the manifold-based reduction techniques and MMC.
In principle, a hierarchical system of manifolds of increasing
dimensions can be deployed to form a hierarchical system of
MMC reference variables.
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A INVARIANCE OF THE REDIM WITH RESPECT TO
THE PARAMETERIZATION

Let a change of the parametrization of the manifold from θ
to θ̂ be given by the (m×m)-dimensional regular transformation
matrix

X = θ̂θ (27)

where ψθ transforms according to

ψθ̂ = ψθθθ̂ (28)

and χ(θ) transforms according to

χ̂(θ̂) = ψ+
θ̂
ζ(ψ) = (ψθθθ̂)

+ζ(ψ) = θ−1
θ̂

ψ+
θ ζ(ψ) = θ−1

θ̂
χ(θ)

(29)
and

θ̂θθθ̂ = I, θθ̂ = θ̂−1
θ (30)

The projection matrix is given as

P =
(
I−ψθψ

+
θ

)
, (31)

and in the new parameterization the projection matrix P̂ is given
as

P̂ =
(

I−ψθ̂ψ
+
θ̂

)
(32)

Using ψθ̂ = ψθθθ̂ we obtain

ψ+
θ̂

= (ψθθθ̂)
+ (33)

which yields

ψ+
θ̂

= θ−1
θ̂

ψ+
θ (34)

yielding

P̂ =
(

I−ψθ̂ψ
+
θ̂

)
=
(

I−ψθθθ̂θ
−1
θ̂

ψ+
θ

)
=
(
I−ψθψ

+
θ

)
= P

(35)
This means that the projection matrix is invariant with respect
to a change of the parameterization. The diffusion term ∆ =
(Dψθχ)θ χ with the changed parametrization is:

∆̂ =
(
Dψθ̂χ̂

)
θ̂ χ̂ =

(
Dψθθθ̂θ̂θχ

)
θ̂ χ̂

=
(
Dψθθθ̂θ̂θχ

)
θ θθ̂θ̂θχ = (Dψθχ)θ χ = ∆

(36)

This means that the diffusion term is invariant with respect of a
change of the parameterization, too.
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B EMBEDDING REACTION/DIFFUSION MANI-
FOLDS

At each ψ ∈ M m the tangent space of M m+p can be repre-
sented by an alternative set of basis vectors given by

ψη =


 | | |

ψη1 ψη2 · · · ψηm+p

| | |


=


 | | | |

ψθ1 · · · ψθm ψξ1
· · · ψξp

| | | |


 ·Z

(37)
or in simplified notation

ψη =
(
ψθ ψξ

) ·Z, (38)

where Z denotes an (m + p) by (m + p)-dimensional regular
transformation matrix, and where ψξ is constructed such that
it is in the span of ψη and orthogonal to ψθ:

ψξ ∈ span(ψη) ∧ ψξ ⊥ ψθ. (39)

Noting that the projection operator P is invariant with respect to
a change of the parameterization (see 35), we obtain

(
I−ψηψ+

η

)
=
(
I− (ψθ ψξ)(ψθ ψξ)

+) , (40)

and because ψξ is orthogonal to ψθ it follows that

(
I−ψηψ+

η

)
=
(

I− (ψθ ψξ
)(ψ+

θ
ψ+
ξ

))
=
(

I−ψθψ
+
θ −ψξψ

+
ξ

)
.

(41)

From this several useful properties can be derived:

(
I−ψηψ+

η

)
ψξ =

(
I−ψθψ

+
θ −ψξψ

+
ξ

)
ψξ

=
(

I−ψξψ
+
ξ

)
ψξ = 0,

(42)

(
I−ψηψ+

η

)
ψθ =

(
I−ψθψ

+
θ −ψξψ

+
ξ

)
ψθ

=
(
I−ψθψ

+
θ

)
ψθ = 0,

(43)

Pn+pPn =
(
I−ψηψ+

η

)(
I−ψθψ

+
θ

)
=
(

I−ψθψ
+
θ −ψξψ

+
ξ

)(
I−ψθψ

+
θ

)
=
(
I−ψθψ

+
θ

)(
I−ψθψ

+
θ

)−(ψξψ
+
ξ

)(
I−ψθψ

+
θ

)
=
(
I−ψθψ

+
θ

)−(ψξψ
+
ξ

)(
I−ψθψ

+
θ

)
=
(

I−ψθψ
+
θ −ψξψ

+
ξ

)
= Pn+p

(44)

PnPn+p =
(
I−ψθψ

+
θ

)(
I−ψηψ+

η

)
=
(
I−ψθψ

+
θ

)(
I−ψθψ

+
θ −ψξψ

+
ξ

)
=
(
I−ψθψ

+
θ

)(
I−ψθψ

+
θ

)− (I−ψθψ
+
θ

)(
ψξψ

+
ξ

)
=
(
I−ψθψ

+
θ

)− (I−ψθψ
+
θ

)(
ψξψ

+
ξ

)
=
(

I−ψθψ
+
θ −ψξψ

+
ξ

)
= Pn+p

(45)

C ANALYSIS OF THE HIERARCHY OF THE REDIM
INVARIANCE CONDITION

Let ψ ∈ M m fulfill the invariance equation

0 = ψ⊥T

θ {ρF +(Dψθχ)θ χ} (46)

which is in this case equivalent to

{ρF +(Dψθχ)θ χ} = ψθX , (47)

where X denotes the coordinates in the local coordinate system
of the ψθ. The evolution of the M m+p-dimensional manifold is
given by

ρ
∂ψ
∂t

=
(
I−ψηψ+

η

){
ρF +(Dψηϑ)η ϑ

}
(48)

with

ϑ = ψ+
η ζ(ψ) (49)

Using the transformation equations for the projection term
we obtain.

ρ
∂ψ
∂t

=
(

I−ψθψ
+
θ −ψξψ

+
ξ

){
ρF +(Dψηϑ)η ϑ

}
(50)

In the local coordinate system the gradient estimate vector is
given by

ϑ̂ =
(
χ
σ

)
=
(
ψ+
θ

ψ+
ξ

)
ζ (51)

Because of the invariance of the diffusion term we have

(Dψηϑ)ηϑ =
{

Dψ(θξ)

(
χ
σ

)}
(θξ)

(
χ
σ

)
= (Dψθχ)θ χ+(Dψθχ)ξ σ+

(
Dψξσ

)
θ
χ+

(
Dψξσ

)
ξ
σ

(52)

If ζ ‖ ψθ it follows with ψξ ⊥ ψθ that σ = 0, and we obtain

(Dψηϑ)ηϑ = (Dψθχ)θ χ (53)

This results in an evolution equation for the subset M m accord-
ing to

ρ
∂ψ
∂t

=
(

I−ψθψ
+
θ −ψξ ψ

+
ξ

)
{ρF +(Dψθχ)θ χ} (54)

and using {ρF +(Dψθχ)θ χ} = ψθX

ρ
∂ψ
∂t

=
(

I−ψθψ
+
θ −ψξψ

+
ξ

)
ψθX

=
(
ψθ−ψθψ

+
θ ψθ−ψξψ

+
ξ ψθ

)
X = 0

(55)

This means that an m-dimensional manifold is (for the given
conditions) invariant with respect to the evolution equation of
the (m+ p)-dimensional manifold.
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